ON THE INTEGRAL HOMOLOGY AND COUNTEREXAMPLES 
TO THE ANDREOTTI-GRAUERT CONJECTURE 
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Abstract. In this paper, we prove by means of a counterexample that there 
exist pair of integers {n,p) with n>3, l<p<n — 1, and open sets D in C" 
which are cohomologically p-complete with respect to the structure sheaf Od 
such that the cohomology group Hn+p{D, Z) does not vanish. In particular D 
is not p-complete. 



1. Introduction 

By the theory of Andreotti and Grauert it is known that a g-complete complex 
space is always cohomologically g-complete. 

It was shown in [6] that if X is a Stein manifold and is a cohomologically q- 
complete open set in X with respect to the structure sheaf Oq, then 51 is g-complete, 
if it has a smooth boundary. 

If now X is a q-complete space of complex dimension n, then Hp{X,'Z) — for 
p> n + q and Hn+q-i{X,Z) is free (see [5] and [H]). Considering the short exact 
sequence given by the universal coefficient theorem 

^ ExtziHp^i{X,Z),Z) HP{X,Z) Homz{Hj,{X,Z),Z) 

we see that HP{X, Z) = ior p > n + q. 

If X is a cohomologically q-complete complex space of dimension n, it follows 
from [9 that Hp{X,€.) = for all integers p > n + q. Since HP{X,C), for an 
n-dimensional complex manifold X, are Frechet spaces whose topological duals 
are isomorphic to Hp{X,C) (see [10]), then X satisfies the topological property 
HP{X,C) = Oioip>n + q. 

However, it seems unknown if HP{X, Z), p > n + q, vanishes, if X is assumed to 
be only cohomologically g-complete. 

In this article, we prove that there exist pair of integers {n,p) with 1 < p < n — 1, 
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and cohoniologically p-complete open sets D with respect to Od in C" such that 
Hn+p{D,Z) ^ 0. It is clear that D is not p-complete. 

2. Preliminaries 

Let be a an open set in C" with complex coordinates zi, • • • , z„. Then it is 

known that a function (p G C°°{Q) is said to be g-convex if the hermetian form 
d'^diiz) — 

LJ(t>, — / 7^ — T^iiii has at least n — q+\ positive eingenvalues at each point 
oziOZj ■' 

1,3 

z efi. 

A function p G C°(r2,R) is called q-convex with corners if p is locally a maximum 
of finite number of (/-convex functions. 

We say that H. is g-complete (resp. g-complete with corners) if there exists an 
exhaustion function cf) on Q which is g-convex (resp. g-convex with corners). 

An open subset D of is called g-Runge if for every compact set K C D, there 
is a g-convex exhaustion function (p G C°° (fi) such that 

K c{x en-. (j){x) <Q} CCD 

It is shown in [1] that if D, is g-complete, then is cohomologically g-complete, which 
means that for every coherent analytic sheaf J- on and p > q, the cohomology 
groups HP{il, !F) vanish. Moreover, if D is g-Rungc in il, then for every F G coh{^) 
the restriction map 

has a dense image for all p > g — 1 . 

The purpose of the present article is to prove the following theorem 

Theorem. Let (n, q) he a pair of integers such that n > 3, 1 < q < n, and q does 
not divide n. We put m — [^] and r = n — mq. Then there exists a cohomologically 
{q — 3)-complete domain D in C" such that Hn+q-z{D^'L) ^ 0, if r — 1 and 
m > q > 2. Here q ^ n — [^] + 1 and [^] is the integral part of ^. 

3. Proof of the theorem 

Let {n, q) be a pair of integers with n > 3 and 1 < q < n. We put m — [^] and 
suppose that r = n — mq > 0. We consider the functions 0i, • • • , (f>m+i defined on 
C" by 

m ^ 
i=l 
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and 

m _^ 

(/-m+l = -CTl a„+^(T2--||z||2+7V||z||^ 

i=l 

n ™-+j(q-l) 

where CTj ^ yj + ^ - (m + 1)( ^ for j = I,-- - ,m, 

i=m + l i=m+(j-l)(q-l) + l 

= +iyj. Then it is known from [4 that all 4>j, 1 < j < r7i+ 1, are g-convex on 
C", if iV > is sufficiently large and, if p = Max{(l)j, I < j < m + 1}, then there 
exists a small constant £o > such that the set D^^ = {z G C" : p{z) < —Eq} is 
relatively compact in the unit ball i? = i3(0, 1), if is large enough. 
Let now e > Eq and choose Stein open sets J7i, • ■ • ,Uk CC D^^ covering dDi. 

k 

and functions 6j G C^(C/j, R+) such that '^^6j{x) > at any point x e dD^. 

i=i 

There exist sufficiently small constants ci > 0, • ■ • , Cfc > such that the functions 

3 

4'i,j = <l>i ~ Cidi are g-convex for i ~ 1, ■ • ■ , m + 1 and 1 < j < k. We define 

1=1 

0i,o = 01 for i = 1, • • • , m + 1, _Do = and Dj = {z G D^^ : Pj{z) < — e}, where 

j 

Pj = P - ^Ci0i, j = !,■■■ ,k 

i=l 

Then pj are (/-convex with corners, Do C Di C • • ■ C Dk, 
Do CC Dk CC De„ and Dj \ Dj^i CC Uj for j = 1, • • • , fc. 

Lemma 1. Let J- be a coherent analytic sheaf on I?eo. T/ien i/ie restriction map 
HP(Dj^i, J-) — > HP(Dj, J-) is surjective for every p > q — 2 and all < j < k — 1. 
In particular, dimcHP(Dj , J- ) < oo for p > q — 2 and j = 0, • • • ,k. 

Proof We first prove that for every p > q-2, HP{DjnUi,T) = for all < j < fc 
and 1 < ; < fc. We fix j e {0, • • • , k} and we write Dj D Ui ^ D[ n ■ ■ ■ (1 D'^^^, 
where D'^ = {z E Ui : (f)i^j{z) < — e} are clearly g-complete and g-Rungc in Ui. 
Then for any integer t < m, D[_^ n • • • Pi D[^ is {q — f )-Runge in Ui for alHi , • • • , it S 
{l,---,m + l}. In fact, let ii' C -D-^ H ■ • • fl D[^ be an arbitrary compact subset. 
There exists for any i e {ii, • • • ,it} a q-convex exhaustion function ijji on Ui such 
that 

K e{xeUi: i^iix) < 0} CC D'i 

Define V = Max{i),, , • ■ • , ViJ- Then K e{xeUi: ij{x) < 0} CC L*^^ n • ■ • n D^ 
and, "0 can be approximated in the C'^-topology by smooth {t{q ^ 1) + l)-convex 
functions (see [lO]). Since q does not divide n and t < m, then i(g — 1) + 1 < 
g — 1. Therefore a suitable smooth (q — l)-convex approximation of ■0 shows that 
Z?-^ n • • • n Z?-^ is (g — 1)-Runge in Ui. This implies that for r > g — 2, the image 
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of H^[Ui,T) is dense in the cohomology group H^{D^^ n ••■ fl D[^,F) which is 
separated, since q - 2 > 2 (n > 4 and q f n). Thus H''{D[^ n • • • n D^^, J") = for 
ah r > q — 2. Then, by ( ^8 , Proposition 1), we have 

H^{D, r\UuT)^ U • • • U -F) if r>q-2 

Since Ui\D[ U • ■ • U -D'n+i has no compact connected components, then D[{J ■ ■ - U 
i^m+i is n-Runge in Ui (see 3 ). But forr > q — 2, r + m > n ~ 1 and hence 

Now since Dj+i = Dj U (i'j+i n Uj+i), then the Mayer- Vietoris sequence for 
cohomofogy 

> HP{Dj+i,T) HP{Dj,T)®HP{D,+ir\Uj+i,F) ^ HP{D,r)Uj+i,F) ^ ■ • • 

imphes that the restriction map HP{Dj+i,T) — > HP{Dj,T) is surjective for ah 
p>q~2. □ 

We now choose n and q such that m = [^] > q and r = n — mg > 1, and let O 
be the sheaf of germs of holomorphic functions on B. Then we have the fohowing 

Lemma 2. The restriction map HP{D^^^0) — > H^{Di;,0) has dense image for 
every p > q — 3 and e > So 

Proof. Let T be the set of aU real numbers £ > £o such that HP{D^,0) — > 
HP(Di;^ , O) has a dense image for every real number ei > e and all p > (7 — 3. Then 
T ^ 0. In fact, choose e > So such that — e < Min-g-^j^^ {(f)i{z),i = 1, • • • , to + 1}, 
and let ei > e. If De^ ^ 0, then D, ^ {z ^ B : (j),{z) < -Si} and D[ = {z e B : 
4ii{z) < —e} are relatively compact in D^^, (/-complete and q-Runge in B. 
Note first that for every ii,--- ,im-i £ {1, • ' • i "t, -f 1}, the cohomology group 
HP{Di,n---nD,^_,,0) = Oforp > g-2, since Ain---nA„-i is ((TO-l)(g-l)-hl)- 
complete and q — 2 > ((to — l){q — 1) -I- 1). Next, we show, exactly as in the proof 
of lemma 1, that for every ii, • • • , im G {1, ■ • • , ™ + 1}, -D^j fl • • • fl Di^^ is {q — 1)- 
Runge in B, which implies that the restriction map H^{Di^ n ■ • ■ fl Di^_-^,0) 
HP{Di-^ n • • • n Di^,0) has a dense image for all p > g — 2. This shows that 
HP{D,^ n • ■ • n D,^,0) = for p > g - 2. Then, by using ( ^8 , Proposition 1), we 
obtain 

HP{D,, , O) = HP+"'{Di U • • • U O) for p > g - 2. 

Similarly 

HP{De,0) ^ RP+'^'iD'^ U • • • U O) for p>q-2. 
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Since Di U • • • U I?m+i is n-Runge in B and contained in the open set D[\J ■ ■ ■ U 
-^£oj then the restriction map 

HP{D[ U • • • U D'^^„ O) ^ HP{D^ U • • • U D^m+i, O) 

has a dense image for p > n — 1, which means that HP{D^,0) Hp{D^-^,0) 
has a dense image for p > q — 2. We are now going to show that H^^^{Dg, O) — 
H'i-^{D^^,0) = 0. To see this, let fi,„ = {z e DiH ■ ■ ■ n Dm ■ (pm+iiz) > -e} and 
Sm ^ {z e Din---nD,n ■■ <l>^+i{z) < -e}. Then H^jDi D ■■■ 00^,0) = 
for all p < n ~ q, where Hg [Di fl • ■ • Pi O) is the j-th group of cohomology of 
-Di n • ■ • n Dm with support in Sm. In fact, for each point ^ G Di n • ■ • fl Dm there 
exists [1] a fundamental system of connected Stein neighborhoods U C -Difl - • - DDm 
of f such that H^{U n ilm, O) = for < j < n — g and, the restriction map 

r(c/,o) ^r(c/na„,o) 

is an isomorphism. It follows from [7] that Hg [O] = for < j < n — g, where 
i/g [O) is the cohomology sheaf of Di fl • • • fl Dm with coefficient in O and support 
in By ( [7j) there is a spectral sequence 

HlJDi n • • • n O) ^ = pi n • • • n Dm,HlJo)) 

Since i^f^JC) = for p < n - g, then the abutment H^^{Di n • • • n O) = 
for p < n — q. 

Now it follows from the exact sequence of local cohomology 

> H^jDiD- ■ -DDm, O) ^ HP{Dir\- ■ -HDm^O) ^ i?^'(ri„„ o) ^ -fff+'(z?in- ■ -nAn, O) ^ • • • 

that HP{Di n • • • n An, O) = HP{nm,0) for < p < n - g - 1. 

Note that since {Im = {z e {Di n • • • n Dm) U Dm+i ■ 0m+i(2) > — e}, one can 
verify exactly as for Hg [Di n • ■ • fl D,,,,, O) that, if 

S'm = {z e (L>i n ■•■ n U Dm+i ■■ < -e} = Dm+1 U S*™, then 

H^, {{Di n • • • n An) U An+i, C) = O for p < n - g and, therefore 

HP{{D,n- ■ ■nDm)uDm+i,o) - HP{{D,n- ■ ■nDm)uDm+i\s'm, o) = HP{nm, o) - i/p(n,„uAn+i, o) 

for (7<p<ri — g— 1. 

Now, since, in addition, ^Im n Dm+i = , then, by using the Mayer- Vietoris 
sequence for cohomology 

> n - • - n An) u An+i, O) -^HPHD^n-- ■r\Dm),0)®HP{Dm+i,0) 

HP{D,,0) ^ HP+^iiDin---nDm)lJDm+i,0) ^ 
HP+\{Di n---nDm),0)® HP+\Dm+i,0) ^ • • • 
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and the fact that Dm+i is g-complctc, wc find that HP{Di.,0) ~ for q < p < 
n~q~2. This imphes that m-^{De,0) = and similarly H^-^{De,,0) = 0, 
which proves that e G T. 

To see that T is open in [so, +oo[, it is sufficient to prove that if e G T, e > So, 
then there is Eq < e' < s such that e' G T. For this, we consider as in lemma 1, 

k 

finitely many Stein open sets Ui CC D^^, i — 1, ■ ■ ■ ,k, such that dD^ U 

1=1 

k 

and functions 0j G C°°(?7, , R"*") with compact support such that ^^6*^(2:) > at 

any point x G dD^. Next we define Dj{e) = {z E D^^ : pj{z) < — e}, where 

j j 
Pj{z) — Max{<j)i — ^^^6*^, • • • — ^^Cifi'i) with Ci > sufficiently small so 

i=l i=l 

j 

that the functions 0j — ^^Q^i are g-convex for 1 < i < m + 1 and 1 < j < k. 

i=l 

Then, by lemma 1, the restriction map HP{Dk{e),0) — > HP{D^,0) is surjective 
for p > q — 2 and, there exists Eq < s' < e such that C D^/ C Dk{e). If now 
e' < a < £, then we have 

Since, by lemma 1, the restriction map HP{Dk{a),0) HP{Da,0) is surjective 
for p > g - 2 and ^-^{0^,, O) = 0, then HP{De',0) HP {Da,, O) is surjective 
for p > g - 3. For a > e, we have D^, C D, C D^, C Dk{e). Since HP{Dk{e), O) 
HP{D^, O) is surjective for p > 9 - 3, and HP{D,, O) HP{Da„ O) has a dense 
image for p > <? — 3, then HP{D^r, O) — > HP {Da, O) has a dense image for p > q~3, 
which implies that e' G T. 

In order to prove that T is closed, we consider a sequence of real numbers Sj G T, 
j > 0, such that ej \ e and a Stein open covering U = [Uijazi of D^^ with a 
countable base of open subsets of We fix p > g — 3. Then the restriction map 
of spaces of cocycles ZP{U\d, , O) — > ZP(U\d,. , O) has a dense image for j > 0. 
Therefore, by ( 1 , p. 246), the restriction map ZP{U\d,,0) ZP{U\d,^,0) has 
also a dense image. Let e' > e and j G N such that e' > ej. Since Sj G T, then 
ZP{U\d^. , O) — > ZP{U\d^, , O) has a dense image, and hence e € T. This completes 
the proof of lemma 3. □ 

Let now A be the set of all real numbers e > £0 such that Hp{D^, O) = for all 
p > q — 2. Then in the situation described above we have 

Lemma 3. The set A is not empty and, for every e C A with e > Eq, there is 
So < s' < e such that e' G A. 
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Proof. Let ei > £o be such that 

-£i < Infy^(zQD,^ {(j)i{z),i = 1,2,- ■■ ,m + 1}. 

Then [ei, +oo[c A. In fact, let e > £i and write = D^ i n D^ 2 H • • • n D^ m+i, 
where ZJ^.i — {z £ B : (t)i{z) < ~e} CC is g-complete and (/-Runge in B 
for all i G {1, • ■ • , rn + 1}. Moreover, for every integers t < m and ii, - ■ ■ ,it G 
{1, • • • ,m + l}, Dj^jj n Z^e^j^ n • • •nL'e^ij is (tg-i+l)-Rungein B and q-2>tq-t, 
then n £'e,i2 fl • • • fl D^^i^ is cohomologically (g — 2)-complete. Therefore, by 
( [5], Proposition 1) 

H-'iD,, O) - U i?,,2 U ■ • • U O), for r>q-2 

Since D^.i U D^_2 U • • • U De.m+i is 7i-Runge in B, then 

O) HP{D,^i U i:»e,2 U • • • U L'e.m+i, C) has a dense image if p > n - 1. 
Hence U £'e,2 U ••• U O) vanishes for p > n-1 and so is HP{D^,0) 

ii p > q ~ 2, since q — 2 + in~n — 1. 

For the proof of the second assertion of the lemma, we can write for all < j < fc 
and 1 < ^ < A;, DjnUi = D[n- ■ -nDjjj^i, where D'^ = {z e Ui : 4>i,jiz) < -e} are q- 
complete and (/-Runge in Ui. Therefore for all t < m and ii, ■ • ■ ,it G {1, • ■ ■ , m+1}, 
D'^^ n D^^ n ■ ■ ■ n is ((? - 1)-Runge in Ui, which implies that HP{Ui,0) has a 
dense image in HP{D'i^ n D'^^ n ■ ■ ■ 0^,0) for all p > q - 2. This shows that 
HP{D[^ nD[^n---nDl,0) ^0 for all p > g - 2. Moreover, by ( [8], Proposition 
1), one obtains 

HPiDj n [//, O) ^ HP+'''{D[ U • • ■ U 0) /or p > q ~ 2. 

Since g — 2 + m = rt — 1 and ZJ'j^ U • • • U -D^+i is n-Runge in Ui, then 

HPiDj n f//, O) ^ HP+"\D[ U • • • U O) = /or p>q-2. 

We now consider the Mayer- Vietoris sequence for cohomology 

> HP-\D,nUj+i,0) ^ HP{Dj+i,0) ^ 

HP{Dj,0) ® HP{Dj+i n 1/^+1,0) ^ iJPlIJj n C/j+1, 0) • ■ • 

Since HP{Djr\U,j+i,0) = HP{Dj+ir\U.j+i,0) = forp > q~2, then HP{Dj+i,0) 
HP{Dj, O) is surjective for all p > (7 — 2. 

We are now going to show that HP{Djj^i,0) — > HP{Dj,0) is injective for all 
p > q — 2. Let V = (Vi)igN be an open covering of D^^ with a fundamental system 
of Stein neighborhoods of such that ifVi^Ci- ■ -CiVi^ ^ andT^^^U- ■ -UVi^ C -Dj+i, 
then Vi„ U • • • U Vi^ C Dj or Vi„ U • • • U V,,. C Uj+i n D^+i. 
We first show that H"^^{Dk,0) = 0. We shall prove it assuming that it has 
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already been proved for j < k. For this, we consider the Mayer- Vietoris sequence 
for cohomology 

Let ^ be a cocycle in Z'^^'^{V\Dj+i ■> ^) ^-^d let p(^) be its restriction to a cocycle in 
Z^^'^{V\Dj^ O). Since p(^) is a coboundary by induction and 

H^^^{Dj+i n Uj+i,0) = 0, from the Mayer- Vietoris sequence, it follows that there 
exist 

V(^Z'i-^V\D,nu,^„0) and e C^-^{V\d,^„0) 

such that ^ — j(r/) -|- 6fi. There exists a sequence {r/„} C Z^^^{V\d j+inUj+i,0) 
with r(?7„) — ry — > 0, when n — > cxd. This is possible because 

Z'^^^{V\D^+inUj+i,0) Z''^^(y\D,nUj+i,0) has a dense range. (See the proof of 
lemma 2). Now choose a sequence {7„} C C"''~^(V|Dj+i, O) such that j{r[rin)) = 
Sjn- Then 

C - - <57n = .iiv - rirjn)) 
This proves that J/i + (57„ converges to when n — > oo. Since, by lemma 1, 
dimcH''~^{Dj^i,0) < oo, then the coboundary space B''~'^(V\Dj+i,0) is closed 
in Z'i-'^{V\D,+^,0). Therefore ^ G B9-^{V\d,+^,0) and H'J-^{D^,0) = for aU 
< j < fc. 

Now since CC Dk{e) = D^, there exists < e' < e such that e' > Eq and 
Ds' CC Dk{e). Then we have De C D^^ C ^^(e) C Dk{e'). Since for every p > 
q-2, HP{Dkie'),0) HP{De',0) is surjective by lemma 1, then HP{Dk{e),0) 
HP{D^,,0) is also surjective for all p > q - 2, which shows that Hp{D^:,0) = 
for p > g - 2 and e' £ A. □ 

Proposition. The set D^^ is cohomologially {q — 3)-complete with respect to the 
structure sheaf Od^^ , which means that HP{D^^^ ^d^^) = for all p > q — 3. 

Proof. In order to prove the Proposition, we consider the set A of all real numbers 
e>eo such that Hp{D,, O) = for ah p>q-2, where ^ {z E C" : p{z) < -e}. 
Then, by lemma 3, the set A is not empty and open in [-feo:+oo[- Moreover, if 
£ = Inf{A), there exists a decreasing sequence of real numbers Sj E A, j E N, 
such that Ej — > e. Since HP{D^.,0) = for all p > g — 2 and, by lemma 2, 
HP{D,^^, , O) HP{D,^ , O) has a dense image for p > ^ - 3, then HP{D,,0) = 
for all p > q — 2 (see 1 , p. 250). Hence e E A. Suppose now that e > Eq. then 
there exists e' E A such that Eq < e' < e, which is a contradiction. Therefore 
Eq ~ e E A. But, since H''~'^{D^g, O) = according to the proof of lemma 2, then 
D^g is cohomologically {q — 3)-complete. □ 
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Theorem. Let {n, q) he a pair of integers such that n > 3, 1 < q < n, and q does 
not divide n. We put m — [^] and r ~ n — mq. Then there exists a cohomologically 
{q — i)- complete domain D with respect to Od in C" such that _ff„+q_3(Z3, Z) ^ 0, 
if r = 1 and m,> q>2, where q — n—[^] + l and [^] is the integral part of ^. 

Proof. We have proved in the Proposition that ZJ^^ is cohomologically (g — 3)- 
complete with respect to the structure sheaf Oo^g ■ 

It was shown by Diederich-Fornaess [4^ that if (5 > is small enough, then the 
following topological sphere of real dimension n + q — 2: 

S'5 {z e C" : xl + --- + xl^ + |z,„+ip + ■ • • + \znf = (5, 

n m+j{q-l) 
i=m+l + l 

j = !,■■■ ,m}, 

where Zj — Xj + yj for j = 1, ■ • • ,n, is not homologous to in D^^. This follows 
from the fact that the set i? = {z G C" : xi = • • ■ = Xm = Zm+i = • • • = Zn = 0} 
does not intersect _Dj^ . 

Let < e < £0 be such that <Z<Z B. Then it follows, exactly as for D^^, that 
-De is cohomologically (g — 2)-complete with respect to Od^- We may take e such 
that Df, does not intersect E. Then Ss is not homologous to in D^. 

We are now going to prove that Hn+q-3{D^,Z) does not vanish. Indeed, we define 
for 1 < j < TO + 1 the sets Ej = {Di n ■ ■ ■ n U (D.^.j+a U • • • U 

Then by using the Mayer- Vietoris sequence for homology 

— Hn+q+j-3{Di n • • • n Djn-j+2,'^) © -ffri+g+j-3 (-Dm-j+3 U • • ■ U _D,„_(.i, Z) — >■ 

H,i+q+j-3{Ej + l,'Z) Hn+q+j-4{Ej ,Z) — > 
Hn+q+j-4:{Di n • • ■ n Drn-j+2-,'^) ® Hn+q+j-4{Dm^j+3 U • ■ • U Ari+1, Z) — i> • • • 

one can easily verify by induction that 

H2n-2{Dl U • ■ • U Dm+l^-L) ^ iJ„+g_3(-De, Z) 

is inject ive. 

We first show that H"-+'^-^{Ds, C) ^ 0. For this, we consider the (2n - m - 2)-real 
form defined as follows: 

n n n 

'^=5(E^^+ E yir^''^"'^'^C^{-'^yxidxiA---A(£iA---AdxnAdy^+2A---A 

i=l z— m+2 i— 1 

71 — m 

dym+iA- ■ ■Adyn+ E i-iT~^'~^ym+idxiA- ■ ■ AdxnAdym+2A- ■ -Adym+iA- ■ ■ Adyn) 

i=2 
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Then ui is d-closed and therefore defines a cohomology class in if^"~'"~^(£'e, C). 

Let S'g be the topological sphere of real dimension 2n — m — 2 defined by 
S'g = {z € Ss : Um+i = 0}, where Zj = xj + iyj for j = 1, • ■ • , n. 

Since co does not depend on yi, • ■ • , ym+i, then 

This implies that H'^''-"'-'^{De,C) 0. 

We shall prove now that ii E = Di U • • • U Dm+i, then the homology group 
H2n-2{E,'L) does not vanish. We note first that the map 

is an isomorphism. In fact, we consider over E the resolution of the constant sheaf 
C: 

o-^c4o4o^4---4o"^o 

where is the sheaf of germs of holomorphic p- forms on E. This resolution maybe 
break it up into short exact sequences 

O^Z' ^ Z'+^ ^0, for i = 0, • • • , n 

where = C, 0° = O, and Z' = 7m{f2'-^ 4 fi'} for 1 < i < n. 

On the other hand, since for any integer t with 1 < t < m — 1 and alHi, • • • ,it € 
{1, • • • , m + 1}, Ai n • • • n At is {{m - l){q - 1) + 1)-Runge in B and n-m~2 > 
(m - l){q - 1), then n • • • ("1 At, C) = for p > 2n - m - 2. Hence for any 

indexes ji , • ■ • , jm e {I,-- - ,m + l} we have 

But H^''-^{Dj, U • • • U Z)j„., C) = 0. Indeed, if we put Em = Dj, [J ■ ■ ■ U Dj^, 
then obviously H'p{E„i, fl^) = for all p > n — 1, and j > 0, because An is n- 
Runge in B. Note also that since n — m — 2 > (m — l)q — (m — 1), then, by the 
proof of lemma 2, f^n-i) ^ H'^-"'~^{Dj, n • • • n A™ > f^""^) = and 

iJ"-3(£:„, fl") ^ if"-"-2(A^ n • • • n A™ - = 0> because the 17^' are free and 
n — m — 2 > q and n — m— 1 < n — q — 2. (See the proof of lemma 2) . Therefore from 
the long exact sequences of cohomology associated to the short exact sequences 

^ ^. ^ ^. 0, for i = 0, • • • , n 

we deduce a natural C-isomorphism 

H^'^-^iEmX) = H^'-^iEm^Z^-^) 
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and, an exact sequence 

Since H"-^{E^,n") = f2"-i) = 0,then H^"-^{Em,C) = H''-^ {E^ , Z''-'^) = 

0, which shows that H'^"-"''~'^{D,,C) H'^''-'^ {E , C) is an isomorphism. 
Now by using the universal coefficient tlieorem for homology 

H2n-2{E, C) ^ H2n-2{E, Z) ® C © Tor{H2n-3{E, Z), C) 

and the fact that Tor{H2n-3iE,Z),C) = 0, we conclude that H2n-2{E,Z) ^ 0. 
Since we know already that the map H2n-2{E,Z) —5- Hn+q-3{De,Z) is injective, 
then Hn+q-3{Ds,I') does not vanish. This completes the proof of the theorem. 

□ 
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